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ASP-640

M.A /M.Sc. (Final) Examination, 2021
MATHEMATICS
Paper - VI
(Topology and Functional Analysis)

| Maximum Marks : 100

Time : 1% Hours ]
Section-A (Marks : 2 x 10 = 20)
ANore —  Answer all ften questions. (Answer limit 50 words). Each question carries
2 marks.
(@Us-) (3t& : 2 x 10 = 20)
Sz - @i gw v & I G (m—ﬁmSﬂW)meZﬁm%l
Section-B (Marks : 4 X 5 = 20)
Note — Answer all five questions. Each question has internal choice (Answer limit
200 words). Each question carries 4 marks.
(QUes-9) (37F : 4 x 5 = 20)
AT - aaﬁﬁawﬁaﬁ‘mﬂmlmwﬁﬁaﬁﬂwﬁm(m—m
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Section—C (Marks : 20 X 3 = 60)
Note .-~ Answer any three questions out of five (Answer limit 500 words). Each
question carries 20 marks.
(@uE-8) (37 : 20 x 3 = 60)
e - rfﬁﬁ?ﬁwvﬁ@mm (FeR-d 500 1) | geaF §YT 20 3F
|
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Section-A
2 each

Define the following :

(i)  Coarser topology
(i)  Relanve topology
(i) Hausdorff space

(iv) Regular spacc

(vy Open mapping

(vi) State closed graph theorem
ace X, show that :

r e X.

In a complex inner product sp
i) By +ya =B (DY (x, 2 X
(vii) (x, 0) =0, VxeX

Define with respect to Hillbert space :

(ix)y Normal operator

(x)  Projection

Section-B 4 each

[f C is a base for the topological space X and Y is a subspace of X, then show
thit A={BNY:B e C} is a base for Y.

Or
Let X and Y be topological spaces and f: X — Y. Then show that f is
continuous iff /! (B%) = [)“'1 ®)]° for every subset B of Y.
Show that the property of a space being a Tj-space is hereditary.

Or

Show that i
the property of being a T,-space is a topological property.

4. Show that the subs
et M of a normed linear : .
: .. space N : f
there is a positive constant K such that - is bounded if and only 3
= |[sKVxeM
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Or

LT N> Nbea linear transformadon. Then show that T is a bounded if

1nd only if T maps bounded sets in N into bounded sets in N'. where N and N
- normed linear spaces over the same field.
ar

If § is 2 nonempty subset of a Hilbert space H, then show that St is a closed

wn

linear subspace of H. Is §— a Hilbert space ? Why ? 3+1=4

Or

¢} be a finite orthonormal set in a Hilbert space H. If x

is any vector in . then show that :

r .

R S
Z}(-“'-ﬁ){ x|

6. 1n a Hilbert space H, show that :
\ el
T Ti=[T]
where T* is adjoint of operator T.
Or
If {T } is a sequence of self adjoint operators on a Hilbert space H and if
{T,} converges to an operator T, then show that T is self adjoint.

Section-C 20 each

et |

Let X and Y be topological spaces and f: X — Y be a bijective map. Show that

the following are equivalent -
(i)  fis open and continuous
(1) fis homeomorphism

() fis closed angd continuous
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space (X, d) the following are equivalent :

Show that in a metric

(1) X is compact

(i) X 1s limit point compact

(i) X1is sequentially compact

Let M be a linear subspace of normed linear space N and f be a functional
defined on M. If x, is a vector not in M and if M, is the subspace spanned by
M and x;, then show that fcan be extended to a functional f; defined on M, such
that :

ol = /1

Let H be a Hilbert spacc and fbe an arbiray functional in H' Then show that

there exists a unique vector.y in H such that :

f) = (x )V x € Hand | 711=] >

n Hilbert space and T* be adjoint of the operator T on H. Then

Let H be a give
rmines T* uniquely.

show that T* is 2 bounded linear transformation and T dete
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